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Functional Calculus and Equations of Motion

1. Consider the following functionals of N scalar fields φi(x) (m and λ are
constants)

T0 =
∫

d4x
N

∑

a=1

ηµν(∂µφa)(∂νφa) ,

U0 =
∫

d4x



m2

N
∑

a=1

(φa)
2 + λ

[

N
∑

a=1

(φa)
2

]2


 ,

where µ = 0, 1, 2, 3, ηµν = Diag(1,−1,−1,−1) and ∂µ = ∂/∂xµ. Evaluate
the following:

(a)
δφa(x)

δφb(y)
and (b)

δ∂µφa(x)

δφb(y)

(c)
δT0

δφb(y)
and (d)

δU0

δφb(y)

Using the result of the last two parts, obtain the equations of motion for
the action: S0 = T0 − U0.

2. Consider the following functionals of a vector field Aµ(x) (m is a constant
of suitable dimensions)

T1 = −

1

4

∫

d4x FµνFρσηµρηνσ ,

U1 = m2

∫

d4x AµAνη
µν + 4π

∫

d4x JµAµ ,

where Fµν = (∂µAν−∂νAν) and Jµ is a four-current. Evaluate the following:

(a)
δFµν(x)

δAρ(y)
(b)

δT1

δAρ(y)
(c)

δU1

δAρ(y)

Using the result of the last two parts, obtain the equations of motion for
the Proca action: S1 = T1 − U1. Do you recognise the equations of motion
in the m = 0 limit?


