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Computing tree-level decay rates

Consider a process where a single particle decays into n particles – a necessary
condition is that the rest mass of the decaying particle is greater than the sums
of the masses of all n decay products. The differential decay rate for the particle
(with energy ω and four-momentum k) is given by

dΓ =
1

2ω
|af←i|2 dLipsn(k) , (1)

where dLipsn(k) is the n-particle Lorentz invariant phase space (density) and
af←i is the amplitude. Let (p1, p2, . . . , pn) denote the four-momenta of the decay
products. Then,

dLipsn(k) = (2π)4δ(4)(k −
∑

ipi)
∏

j
d3pi

(2π)32ωi
.

The inverse of the lifetime of the particle is given by Γ =
∫
dΓ provided we take

care of symmetry factors, if any, arising from identical decay products.

1. In model three, the meson can decay into a nucleon and anti-nucleon, if µ >
2m. In the frame where the meson is at rest, compute Γ after carrying out
the integrations over the two-particle phase space putting in the expression
for af←i appearing at O(g).

2. Let us attempt to compute the lifetime of a neutron. It decays into three
particles, a proton, an electron and an electron anti-neutrino.

n→ p+ e− + ν̄e .

As we know, the neutron and proton are composite particles. But we shall
be old-fashioned and think of them as fermonic point particles. A better
example would be to study the decay of a muon into an electron, an electron
anti-neutrino and a muon neutrino as considered in Srednicki Problem 11.3.
Let us assume that the scattering amplitude takes a form similar to muon
decay after suitable averaging over final states.

|af←i|2 = 64 G2
F (k · pp)(pe · pν) ,

where GF is the Fermi constant, pp is the momentum of the proton and pe
that of the electron and pν that of the anti-neutrino. With this information
in hand, one can compute the decay rate in the rest frame of the neutron.
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(a) As discussed in class, the kinematics of the problem implies that, in
the rest frame of the proton, all three decay products necessarily lie
in a plane. In the rest frame of the neutron, show that after imposing
energy-momentum conservation

(k · pp)(pe · pν) = mnωpων (ωe − |pe| cos θ) ,

where θ is the angle between pe and pν and we have assumed that the
anti-neutrino is massless to simplify later computations.

(b) After carrying out the integration over the delta function in dLips,
one is left with an integration over five variables – two of these can be
identified with the freedom in choosing the decay plane and a third can
be taken to be the direction of the motion of the anti-neutrino. With
no loss of generality, let us choose the direction of the anti-neutrino
to be the z-direction and the decay plane to be the yz-plane. Any
other configuration can be obtained by suitable ‘rotations’ – since we
shall not be really interested in the precise direction in determining
the lifetime, we integrate over this freedom. Note that freedom of the
direction of the antineutrino gives a factor of 4π and the freedom in
choosing the decay plane (equivalently the direction of the electron)
gives a factor of 2π. Let us choose to integrate three of the delta
functions over the three-momentum of the proton. The fourth delta
function is integrated over the magnitude of the momentum of the
anti-neutrino. Hence, show that∫

dLips3(k) =
1

(2π)5
× 4π × 2π × ων

8ωp
|pe| dωed cos θ ,

(c) Show that four-momentum conservation lets us solve for ων in terms
of ωe and θ. One has (after some mildly tedious algebra)

ων =
m2
n −m2

p +m2
e − 2mnωe

2(mn − ωe + |pe| cos θ)

It is easy to see from this expression that the maximum electron energy
occurs when ων = 0 i.e., when

ωmaxe = (m2
n −m2

p +m2
e)/2mn ∼ 1.29MeV ,

on using mn = 939.565 MeV, mp = 938.272 MeV and me = 0.511
MeV. We thus can rewrite the expression as

ων =
mn(ωmaxe − ωe)

(mn − ωe + |pe| cos θ)
∼ (ωmaxe −ωe)

[
1 +

ωe − |pe| cos θ

mn

+ · · ·
]
.

For ease of computation let us keep only the leading term in the square
braces above.
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(d) Hence it is easy to carry out the d cos θ integration to obtain

dΓ

dωe
∼ 2G2

F

π3
|pe| ωe(ωmaxe − ωe)2

At this point, let us put in the numbers, i..e, the masses of the neutron,
proton and electron. Plot the function for ωe in the range [me, ω

max
e ].

(e) Finally, carry out the integration over ωe numerically to determine
Γ as a function of G2

F . Estimate the lifetime, τ = 1/Γ, given that
GF = 1.166×10−11MeV−2 in natural units. How does it compare with
the experimentally measured lifetime (about 881 s) of the neutron –
we should expect to get the right order of magnitude, at best.
Hint: It is useful to note that the relevant time-scale in the problem
is (π3~)(2GFm

5
e) ∼ 4308s. Check this using ~ = 6.582× 10−22 MeV s.
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