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1. In a region with no free currents, one has ∇ × H = 0. In this case, in analogy with
electrostatics, one defines the magnetic scalar potential as follows:

H(x) = −∇ΦM (x) .

Consider a sphere of radius a and constant magnetization M. With no loss of generality,
assume it is along the z-direction.

(a) Show that the magnetic scalar potential satisfies Laplace’s equation.

(b) Solve for the magnetic scalar potential in the interior and exterior of the sphere by
using the general form of the solution to Laplace’s equation written using spherical
harmonics.

(c) Compute the magnetic field H and the magnetic induction B from the scalar potential.

(d) Compare and contrast the results with that of the similar problem in electrostatics.

2. A particle of mass m and charge q moves under the influence of an electromagnetic field.
The electric and magnetic fields (not necessarily time-independent) can be written in terms
of the scalar potential Φ(x, t) and vector potential A(x, t) as follows:

E = −∇Φ− ∂A/∂t , and B = ∇×A .

(a) Show that the Euler-Lagrange equations for the Lagrangian given below reproduces the
Lorentz force law:

L =
1

2
m ẋ2 + q ẋ ·A(x, t)− q Φ(x, t) .

This is an example of a Lagrangian that is not of the form T − V as it involves a
velocity-dependent conservative force.

(b) How does the Lagrangian (and hence the action) change when we choose another set
of potentials that give rise to the same electric and magnetic fields. To be precise,
consider (A′,Φ′) given as follows:

A′ = A + ∇λ , Φ′ = Φ− ∂tλ ,

where λ(x, t) is a function of spatial and time coordinates. Comment on your result.

3. (a) By carrying out the Legendre transform of the Lagrangian in the previous problem,
obtain the following Hamiltonian

H =
(p− qA(x, t))2

2m
+ qΦ(x, t) .

(b) Show that Hamilton’s equation of motion are equivalent to the Lorentz force law.


