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(Will be discussed on Mar 9, 2018)

1. Let J(x) be a vector field satisfying ∇ · J = 0 and let a be a constant vector. Also
assume that J is localised and vanishing outside of the volume V ,

(a) Prove the following identities:∫
V
dV J = 0 and

∫
V
dV (xiJj + xjJi) = 0 ,

(a · x) J = (a · J) x− a× (x× J) .

(b) Using the above identities, show that∫
V
dV (a · x) J = −1

2
a×

∫
V
dV (x× J) .

Remark: These identities were assumed in class during the calculation that shows that
the dipole (` = 1) contribution to the vector potential due to a current density J(x) is
given by

Adipole(x) =
µ0
4π

m× êr
r2

,

where the magnetic dipole moment m of the current density

m =
1

2

∫
V
d3x (x× J(x))

2. (a) The electrostatic potential due to a point electric dipole with moment p (located
at the origin) is given by

Φdipole =
1

4πε0

p · êr
r2

,

Find the electric field, E, due to the dipole for an arbitrary orientation of the
dipole moment p.
Hint: Let the spherical polar coordinates of the vectors r and p be (r, θ, ϕ) and
(p, θp, ϕp) respectively. Then the cosine of the angle between these two vectors is
given by

cos α = cos θ cos θp + sin θ sin θp cos (ϕ− ϕ0) .

(b) The vector potential due to magnetic dipole with moment, m, (located at the
origin) is given by

Adipole =
µ0
4π

m× êr
r2

.

Find the magnetic field, B, due to the magnetic dipole.

(c) Compare and comment on the two answers.
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3. Find the exact magnetic field a distance z above the centre of a square loop of side s
lying in the xy-plane and carrying current I. Verify that it reduces to the field of a
magnetic dipole, with the appropriate magnetic dipole moment, when z � s.

4. A flat circular disc of radius R lies in the xy-plane with its centre at the origin. Th disc
has a uniform surface charge density −σ from its centre up to a radius R/

√
2 , and a

uniform surface charge density +σ for radii from R/
√

2 up to R. The disc rotates with
a constant angular velocity ω about the z-axis. Show that the disc (whose total charge
is zero) has a magnetic dipole moment directed along the z-axis, with magnitude equal
to πσωR4/8 .
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