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(To be solved while viewing lectures 34–37)

In four-dimensional Euclidean space with metric δµν , consider the Lagrangian

density associated with SU(2) gauge fields (Aµ =
∑

3

a=1
Aa

µTa where Ta’s are in the

fundamental representation of SU(2))†

L = −
1

2e2
trF (FµνF

µν) = −
1

4e2

3∑

a=1

F a
µνF

µνa ,

where Fµν = ∂µAν − ∂νAµ − i[Aµ,Aν ] is the field strength. Using Fµν = F a
µνTa,

one can show that F a
µν = ∂µA

a
ν − ∂νA

a
µ + ǫabcA

b
µA

c
ν .

1. Obtain the equation of motion for Aa
µ. For subsequent use, rewrite in terms

of the matrix valued objects, Aµ and Fµν .

2. Consider the following one-instanton solution to the equations of motion

Aa =
−ǫabcσbxc + σax4

x2 + λ2
, A4 =

−σaxa

x2 + λ2

The parameter λ is the “size” of the instanton. Verify the following expression
for the field strength by computing Fa4 from the above expression for the
gauge field.

Fa4 =
−2λ2σa

(x2 + λ2)2
, Fab =

−2λ2ǫabcσc

(x2 + λ2)2
.

3. Verify that the above is indeed a solution to the equations of motion. It is
sufficient to verify it for one component.

4. Show that the above solution leads to a finite action and evaluate its value. So-
lutions which lead to finite action (as opposed to energy) are called instanton
solutions.
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The third reference is mentioned in the last lecture happens to be 1.5 pages long
and is called the ADHM construction. It nontrivially generalises the above solution
to arbitrary Lie groups.
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†The explicit realisation of the Ta’s are not important. However, you may need the relations:

[Ta, Tb] = iǫabcTc and trF (TaTb) = δab/2. Indices are raised and lowered using δab.
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