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The goal is to derive the Bohr-Sommerfield quantization condition i.e.,
%pd:c:nh, for n € Z~q ,

for bound states in one-dimensional quantum systems. We use this formula in
Statistical Physics to obtain semi-classical expression for the density of states.
The integral is an area in phase space and the number of bound states associated
is given by the area divided by h.

1 The details

The Hamiltonian of interest is
2

H:p——i-V(:c),

2m

where V() is a unimodal function that goes to oo at x = +oo. Let E be an
energy value such that £ > V(z) for © € [zr1,25] — (21,22) are the classical
turning points.
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Figure 1: A typical potential for a bound state

Define region I is given by x < x1, region II is given by x; < z < x5 and region

IThis is pretty standard material and so I don’t claim any originality here.



IIT is > x5. The wavefunction in the WKB approximation is given by
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Yr(z) = m exp ( — /:1 k() d:z:)

o ([ g

V() = _b exp ( — /x K(z) da:)

k() -
where k(z) = /2m(E — V(z) and k(z) = /2m(V(z) — E) The Schrédinger
equation near x = x; takes the form
R d*p

Y _(E_— ~ _
S = (B V(@) ¥~ glr — )y
where g = —dV/dz|,—y,. Defining u =:= (v, —x)/L where L = (h%/2mg)*/?, the
differential equation becomes the Airy differential equation
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This equation has two solutions that are conventionally denoted by Ai(u) and
Bi(u). From https://d1lmf.nist.gov/9.7, we see that they have the following
asymptotic behaviour (¢ = 2|u[*?)
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Ai(u) ~ cos(C — ) (1)
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Bi(w) ~ § ¥ - m (2)
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Exercise: Show that one has

/:1 k(z)dr = /: k(x)dx =

and \/k(z) = \/k(z) = \/7|u|"/*. Matching at x = x; via the Airy function, we
get

[A=a and B=0]. (3)

We see that the solution near z = z; is given by ¥ (z) = AvV/L Ai(u,), where
uy = (xr1 —x)/L,



https://dlmf.nist.gov/9.7

We rewrite t;;(z) in a manner that is suitable for matching conditions at
r = T9.

onte) = —eos( [ tarar=5) + 2 ([ s —3)
- 7:2;@) cos (/ k) do— T A) - Wi@) sin </ by — T - A)

where

A::/ k(z)de — = .
21 2

Matching at x = x5 via the Airy function, we see that since B = 0, the only way
Yrr(z) will match with ¥, (x) if

A=nr = / k(z)de = (n+3)7| n=0,1,2,... (4)
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For each value of n, we find a solution and the energy of that solution is deter-
mined by this condition. Then one has a matching provided we set

B=(—1"A=(-1)"al.

We sce that the solution near x = x5 is given by ¢¥(#2)(z) = AV/L Ai(usy), where
uy = (x — x5)/L.

The Bohr-Sommerfeld quantisation condition follows from the boxed part of
Eq. (3). Multiplying it by A and setting hk(x) = p(z), we obtain

j{pdx:Q/mp(x)dx:(n—l—%)h. (5)
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The % is called the Maslov correction.
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