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Modular Forms

1. Let f(τ) be a modular form (of weight k) of the full modular group, Γ. For some
positive integer N > 1, show that f(Nτ) is a modular form of the subgroup
Γ0(N) with the same weight.

2. Consider the holomorphic Eisenstein series

E2(τ) := 1− 24
∞∑
n=1

σ1(n) qn .

This is not a modular form but the non-holomorphic combination E∗2(τ) =
E2(τ)− 3

πIm(τ)
is a modular form of weight two of the full modular group. For

some positive integer N > 1, show that

E
(N)
2 (τ) :=

1

N − 1
(NE2(Nτ)− E2(τ)) =

1

N − 1
(NE∗2(Nτ)− E∗2(τ)) ,

is a weight two modular form of Γ0(N). How does it transform under the Fricke
involution: τ → −1/(Nτ)?

3. Consider conjugacy classes of S24 – these are represented by partitions of 24 or
equivalently the cycle shapes. Let ρ = 1a12a2 · · ·nan with

∑
j jaj = 24 (with

ai ≥ 0) be a cycle shape. This implies that there are ai cycles of length i in
the conjugacy class ρ. We call a cycle balanced if there exists a positive integer
N (called the balancing factor) such that ρ = (N/1)a1(N/2)a2 · · · (N/n)an . For
example, ρ = 1828 and ρ = 38 are balanced cycle shapes with balancing factors
2 and 9, respectively. However, ρ = 11425 is not a balanced cycle shape.

Conway and Norton note that all 26 conjugacy classes of the Mathieu group
M24 ⊂ S24 are given by balanced cycle shapes. Consider the following map
from conjugacy classes of M24 to a product of eta functions.

ρ = 1a12a2 · · ·nan −→ ∆ρ(τ) := η(τ)a1η(2τ)a2 · · · η(nτ)an ,

where ρ is a balanced cycle shape with balancing factor N . Verify that ∆ρ(τ) is
a modular form of weight k = 1

2

∑
i ai of Γ0(N) when k is an even integer. We
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will need the eta products for the conjugacy classes 1828 and 1636 later on. How
do these two eta products transform under the Fricke involution: τ → −1/(Nτ)
with N equal to the balancing factor?Also note that ∆124(τ) = ∆(τ), the cusp
form at weight 12 for the full modular group. You will need the following
transformation of the Dedekind eta function.

η(τ + 1) = ε η(τ) , η(−1/τ) = ε−3
√
τ η(τ) ,

where ε = e2πi/24 is a primitive 24-th root of unity.

The Monster Group

A small part of the character table for the Monster is reproduced below1. The first
row gives the conjugacy class and the second row gives the conjugacy classes of the
squares of the elements.

1A 2A 2B 3A 3B 3C
2P 1A 1A 1A 3A 3B 3C
χ1 1 1 1 1 1 1
χ2 196883 4371 275 782 53 −1
χ3 21296876 91884 −2324 7889 −130 248
χ4 842609326 1139374 12974 55912 −221 −248
χ5 18538750076 8507516 123004 249458 1598 248
χ6 19360062527 9362495 −58305 297482 1508 −247

1. Let Vi denote the monster module associated with the character χi. Show that

V2 ⊗ V2 = ⊕6
i=1Vi ,

S2(V2) = V1 + V2 + V4 + V5 ,

Λ2(V2) = V3 + V6 .

Thus, we observe that V2 ⊂ S2(V2).

2. The first few terms of the McKay-Thompson series are given by

Tg(τ) :=q−1 +
(
χ1(g) + χ2(g)

)
q +

(
χ1(g) + χ2(g) + χ3(g)

)
q2

+
(
2χ1(g) + 2χ2(g) + χ3(g) + χ4(g)

)
q3

+
(
2χ1(g) + 3χ2(g) + 2χ3(g) + χ4(g) + χ6(g)

)
q4 + · · ·

1The complete character table is available in GAP.
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(a) Verify that

T1A(τ) = q−1 + 196884q + 21493760q2 + 864299970q3 + 20245856256q4 +O(q5)

T2A(τ) = q−1 + 4372q + 96256q2 + 1240002q3 + 10698752q4 +O(q5)

T2B(τ) = q−1 + 276q − 2048q2 + 11202q3 − 49152q4 +O(q5)

(b) Verify that T2A =
(E

(2)
2 (τ))4

∆1828 (τ)
−104 to the order given above. It is a modular

function of Γ0(2)+ as can be checked by showing that it is invariant under
T and the Fricke involution τ → −1/2τ .

(c) Similarly, verify that T2B = η(τ)24

η(2τ)24
+ 24 to the order given above. It is a

modular function of Γ0(2).

(d) Repeat the exercise for the conjugacy classes 3A/B/C and verify that the
following hold to O(q5).

T3A =
(E

(3)
2 (τ))3

∆1636(τ)
−42 , T3B =

η(τ)12

η(3τ)12
+12 , T3C =

E4(3τ)

η(3τ)8
= J(3τ)1/3 .

Vertex Operator Algebras

1. With (V, Y,1, D) a Vertex Algebra (VA), show that the condition that Y (u, z) =∑
m umz

−m−1 and Y (v, z) =
∑

m vmz
−m−1 (u, v ∈ V ) be mutually local i.e.,

there exists a k > 0 such at

(z1 − z2)k [Y (u, z1), Y (v, z2)] = 0.

For p, q ∈ Z, show that there exists a k such that

k∑
i=0

(−1)i
(
k

i

){
up+k−ivq+i − (−1)kvq+k−iup+i

}
= 0 .

2. In a VOA, one has ωn+1 := L(n) (n ∈ Z) satisfying the Virasoro algebra

[L(m), L(n)] = (m− n)L(m+ n) +
m3 −m

12
δm+n,0K .

(a) Define Y (ω, z) :=
∑

m∈Z ωmz
−m−1 =

∑
m∈Z L(m)z−m−2. Show that Y (ω, z)

is self-local.
(z1 − z2)4 [Y (ω, z1), Y (ω, z2)] = 0

(b) Show that Y (ω, z) is creative i.e., Y (ω, z)1 = L(2)1 + O(z) given that
L(0)1 = 0 and L(−1)1 = 0.
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